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Abstract

A beta-sheetconformational search spacede�ned as beta-sheettopology graphs is
presented. The beta-sheettopology graph is an enhanced2D descriptor in which H-
bondsbetweenadjacent strandsarespeci�ed, thusenabling the expressionof beta-sheet
defects like beta-bulgesand non-canonicalH-bond ladders. A databaseof beta-sheet
3D coordinates with their corresponding topology graph as been built, and used by
a new computer program, the beta-sheetbuilder, in a Jacknife1 experiment to show
that 1) 70% of beta-sheetscan be rebuilt within lessthan 3 �A of RMSD (precision),
and 2) the extent of the physically permitable conformational 
exibilit y of beta-sheets
(
exibilit y).

1 Keyw ords

Beta-sheet;graph theory; conformational search space;molecular modeling

2 Abbreviations

3D, three-dimensional; CPU, central processingunit; DSSP, dictionary of secondarystructures of proteins;

PDB, brookhaven protein data bank; RMSD, root mean squaredeviation.

3 In tro duction

Beta-sheetsare present in 77% of proteins from the PDB select252 version of the Protein
Data Bank3. When present, they account for as much as 18% (standard deviation 15%) of
residueconformation. Thus, a proper beta-sheetconstruction scheme is essential. Unlike
helices,wherea singletuple (� , ) = (-60� ,-40� ) is su�cien t to reproducethe 3.6residues/turn
ratio and the Oi to N i +4 backbone H-bonds4, beta-sheetsexhibit far more complex three-
dimensional spanning, as expressedby the curl of individual strands and the twist, pleat
and arch in the assembly of strands into beta-sheets5. Hence, a beta-sheetconstruction
algorithm is neededto addressand handle all these features, including beta-sheetdefects
like beta-bulgesand non-canonicalH-bond ladders between adjacent strands. In hope of
�nding the native fold, the beta-sheet3D generative method should be precise, i.e. be
able to spawn accurately native beta-sheetfolds, and 
exible to explore the entire span of
beta-sheetconformational space.

Beta-sheetmodeling hasbeenattempted by usinga simplemathematical description via
helical surfaces6. Parallel strandscan be createdby a unique (� , ) tuple, while anti-parallel
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strands, with their small (subscript s) and large (subscript l) H-bond rings, need (� l , l )
and (� s, s)7;8;9. Homogeneoustransformation matrices between(� , ) = (-120� ,+140� ) ex-
tended strands is also an essay to beta-sheetconstruction10;11. More re�ned proceduresare
FOLDTRAJ12;13, which usesa Ramachandranprobability distribution for each of three-state
secondarystructure in an o�-lattice random walk. ROSETTA14;15;16;17 proceedsby a simu-
lated annealingon fragment libraries biasedby a scoringfunction to drivestrandsinto sheets.
UNRES18;19;20;21 combined with CSA22;23;24 employ a sophisticatedmix of geneticalgorithm
on united-residuerandom polypeptide chains and energyminimisation steps. LINUS25;26;27

makes usageof a Metropolis Monte Carlo procedure in which extendedchains are folded
hierarchically, without any force �eld. TOUCHSTONE28;29 usesan on-lattice Monte Carlo
exploration guided by threading-basedtertiary restraints.

The major underlying theme behind all theseproceduresis the formation of beta-sheets
by concatenationin 3D spaceof single strands. Also, many of them are unable to express
beta-sheetdefectslike beta-bulgesor non-canonicalH-bond ladders betweenstrands. Our
method is a radical departurefrom previouscited methods in that wedo not attempt to build
the beta-sheetby trying to assemble strandstogetherbut, instead,we exploit the network of
inter-strand H-bondedresidues,asobserved in nativeprotein folds, thusassembling the sheet
in a strand-perpendicular fashion. The method of construction of beta-sheetspresented here
is an e�ort to enhancethe quality of 3D structures producedby MC-Sym10;11, and posseses
both quality of precisionand 
exibilit y, as showned by our Jacknife experiment.

4 Metho ds

4.1 Beta-sheet topology graph

The beta-sheettopology graph, G = (V; E), is a directed planar graph where V (vertices)
is the set of residuesforming the beta-sheetand E (edges)the set of relations encoding for
covalent and inter-strand H-bonds. Edgesoriginate from the N-terminal residueand end at
the C-terminal residue.Edgesareof four types: Type C is the covalent bond. Type H is the
presenceof at least 1 H-bond. Type P is a beta-partner relation (without H-bond). Type
HP is a beta-partner relation plus the presenceof at leastan H-bond (i.e. typeH + typeP).
The planarity of the beta-sheettopology graph has a major argument; crossingsbetween
either two covalent bonds, two H-bonds, or a covalent bond and an H-bond is sterically
impossible,and beta-sheetsadopting the Moebius strip shape have not beenobserved yet.
Example of beta-sheettopology graph is given in �gure 1.

4.2 Sub-graph isomorphismalgorithm

Graph isomorphism is de�ned as a one-to-onemapping between the vertices of graph G1

and G2. Sub-graph isomorphismis �nding all isomorphismsof graph G1 in sub-graphsof
G2. If graph G1 is a sub-graph isomorph of graph G2 then we say that G1 is included
in G2, and we write G1 � G2. Sub-graph isomorphism is thought to be a NP-complete
problem30, and thereforea computationally expensive procedure. We decidedto implement
andadapt the original Ullmann's algorithm31 becauseof it's algorithmic simplicity of its brute
force approach. Direct utilisation of Ullmann's algorithm leads to exponential calculation
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Figure 1: Hypothetical beta-sheettopology graph. Strands are S1 [95, 99], S2 [108, 112] and S3 [123, 127].
Strand S1 is parallel to S3 while S2 is anti-parallel to S3. Covalent bonds are depicted with type C links,
H-bonds with type H , beta-partner with type P and type HP for type H + type P. Notice the di�erence

in the H-bond patterns betweenthe parallel strands and the anti-parallel ones.

time such that even small isomorphismproblems with 20 vertices, or beta-sheetresidues,
are beyond reach. Several optimisations were included in the algorithm for e�ciency and
problem sizeissues.Ullmann's algorithm starts by �lling an M � N matrix M o, whereM
is the sizejVpj of the projected graph Gp and N the sizejVh j of the host graph Gh. A 1 at
position [i][j] in M o indicates that, a-priori, consideringonly the out and in degreesof Gp

and Gh for all typesof edges,residuei of Gp can be mapped to residuej in Gh. Diagonalsin
this M o matrix canbe interpreted asthe mappingof strandsfrom Gp onto the strandsof Gh.
Thus, asa �rst optimisation, if a diagonalcontains at least a 0, that is, there are no possible
mapping of residuei of Gp on residuej of Gh, then we zero-out the full strand mapping in
Mo, thus reducing the number of possiblea-priori residuemapping. The next optimisation
takes into account the fact that edgesin the topology graph are from N-terminal to C-
terminal; any partial permutation of graph mapping that leadsto an edgefrom C-terminus
to N-terminus is discarded,thuspruning entire sub-treesin the mappingsearch space.These
two optimisations open the possibility of consideringsub-graphisomorphismproblemswith
graphs that contain hundreds of residuesin few secondsof CPU time. An exampleof the
application of the sub-graphisomorphismalgorithm is given in �gure 2.

4.3 Beta-sheet databases

A databaseof all beta-sheetbackboneatoms 3D coordinateswith their corresponding beta-
sheettopology graph hasbeenbuilt. Secondarystructure assignments weremadeusing the
DSSPprogram32. Sourceproteinscomefrom the PDB select25(april 2002version). Residues
from the samebeta-sheetare identi�ed by DSSP, and thus our de�nition of beta-sheetis
the sameas DSSP. The covalent type relation (type C) is inferred from the consecutive
PDB residue numbers. An H-bond (type H ) is present if it's value is lower or equal to
the arbitrary cut-o� of -1.5 kcal/mol. H-bond energiesare given by DSSP. The beta-sheet
partners relation (type P) are also given by DSSP. Finally, if type H and P are observed
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Figure 2: Graph G1 has 2 isomorphic solutions in G2. Solution 1 maps residuesf 11, 12, 13, 21, 22, 23g of
G1 onto residuesf 121,122, 123, 132, 133, 134g of G2 respectively. Solution 2 maps residuesf 11, 12, 13, 21,
22, 23g of G1 onto residuesf 112, 113, 114, 131, 132, 133g of G2 respectively. Note that vertices of type P

in G2 do not prevent the isomorphism algorithm of �nding solutions.
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for a given pair of residuesthen type HP is used. The beta-sheetdatabasecontains 2773
beta-sheets.From the beta-sheetdatabaseeach pair of H-bonded strands are extracted to
form the beta-sheetstrand pairs database.This databaseholds 8318pairs of strands. One
should note that pairs of strands are sub-beta-sheets,and thus are also expressedin the
topology graph paradigm presented here.

4.4 Beta-sheet Builder

A computer program hasbeenmadeto explorethe conformational 
exibilit y of beta-sheets.
It takes as input a beta-sheettopology graph, like the one as in �gure 1, and produces
beta-sheets,that respect all the prescribed relations (covalent bonds, H-bonds, beta-sheet
partners,etc.) from the input graph, as3D atomic coordinatesfor all heavy backboneatoms.
Here are the stepstaken by the program from input to output:

Step I Read the beta-sheet top ology graph. The graph is encoded as an adjacency
matrix, using the proper type de�nitions (C, H , P, HP ) introduced earlier. The
sequenceis also speci�ed for each amino-acid in the beta-sheetfor use in the output
PDB �les. For example,supposethat the beta-sheetbuilder program has beengiven
the graph of �gure 1 as input, which is a mixed parallel/anti-parallel beta-sheet.

Step I I Split the beta-sheet top ology graph in pairs of H-b onded strands. A beta-
sheetof N strands will have N-1 pairs of strands, except for the special caseof beta-
barrels,wherethereareN pairs (note that beta-barrelsarenot treated by the program).
Wethusobtain N-1 sub-graphs,Gi , onefor each pair of strands. Figure 3 is an example
of a split from the graph of �gure 1. One should note that each pair of strands is
anchored to another pair by sharing a commonstrand. In a beta-sheetof N strands
there will be N-2 sharedstrands. The strand S3 of Figure 3 stands as the common
sharedstrand.

Step I I I Read the database of beta-sheet strand pairs. For each pair Gj read, use
the modi�ed sub-graph isomorphism algorithm to see if Gi � Gj . When the
condition Gi � Gj is met, that meanswe can use the 3D atomic coordinates of the
beta-sheetstrand pair Gj as a solution for the strand pair Gi . For each of the N-1
graphsGi we collect all Gj , and their corresponding 3D atomic coordinates,such that
Gi � Gj , thus �lling a set f Gi g = f Gi

1; Gi
2; : : :g of 3D structures. A 3D structure

for a given pair of strands Gi is inserted in the set f Gi g only if it is di�erent enough,
in RMSD, from all the structures already in f Gi g. This ensuresthat the program
does not waste time in building sheetsthat are similar in RMSD. The set sizescan
also be �xed to an arbitrary value, say 100. For example, the program might assign
a 3D structure for pair P1 of the graph of �gure 3 like the residuesA103-A107and
A194-A198of PDB code 1KLQ (see�gure 4(a)). The 3D structure of pair P2 could
be like the residuesG184-G188and G141-G145of PDB code 1QSG(see�gure 4(b)).

Step IV Backtrac k to generate all possible f G1g�f G2g�� � ��f GN � 1g 3D con�gurations.
Given that the strand pairs Gi and Gi +1 sharea commonstrand, each con�guration
will require N-2 strand pair fusion, namely G1 with G2, G2 with G3, � � �, GN � 2 with
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Figure 3: The split of the beta-sheettopology graph of �gure 1 asdescribed in step I I. Two pairs of strands,
P1 and P2, are created. Pairs P1 and P2 sharea common strand, S3.

GN � 1. Once all strand pairs of the input beta-sheethave been assembled, the �nal
3D coordinates are printed in the PDB �le format. The fusion processneedsfurther
explanations: for example,if the program proceedsto a fusion of pair P1 to the pair
P2 of �gure 3, it �rst aligns S3 of P1 onto S3 of P2. The alignment that usesboth
3D structures selectedat Step I I I, is a procedurein which a spatial transformation is
calculatedto minimize the RMSD of all implicated atoms. The assembly is rejectedif
the RMSD of the aligned strands is higher than a threshold. Here, the RMSD of the
alignment is 0.48 �A (C� only). The �nal assembly has too many residuesin S3; those
from P1 and thosefrom P2. We keepin the �nal structure the pair of residuesthat are
H-bonded. Thus, the following residuesare kept to form the strand S3,residues123to
127are, respectively, A194, G185,A196, G187,A198 (residuesfrom chain A are from
PDB code 1KLQ, thoseon chain G are from 1QSG).The �nal assembly is showned in
�gure 5. Residuescanbe renumberedto the speci�cations of the �nal graph (�gure 1).
Sincethe fusion processis fairly CPU intensive and that it is donewithin a backtrack,
this step is by far the most time consuming.

4.5 Peptidic bond

The commonstrand fusion processof the beta-sheetbuilder introducesdeformation of the
peptidic bondsalong the resulting fusedstrand. The deformation a�ects the peptidic bond
length and valenceand torsion angles. For example, in �gure 5, peptide bond lengths are
1.16 �A from A194 to G185, 1.04 �A from G185 to A196, 1.60 �A from A196 to G187 and
1.35 �A from G187 to A198. The beta-sheetprogram de�nes a cut-o� value over which the
RMSD of the resulting fused 3D structure is rejected, thus controling the departure from
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(a) The 3D structure of the pair P1 chosenat step I I I. ResiduesA103-
A107 and A194-A198 are from PDB code 1KLQ.

(b) The 3D structure of the pair P2 chosenat step I I I. ResiduesG184-
G188 and G141-G145are from PDB code 1QSG.

Figure 4: H-bonds are depicted with dashedlines. Atomic colouring schemeis as follow: blue for nitrogen,
red for oxigen and black for carbon. Figures were produced with Molscript33 and Raster3D34.
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Figure 5: The 3D structure of the �nal assembly, after step IV.
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ideal peptidic bond length, valenceand torsion angles.An energyminimisation step should
be performed onceall side-chains have beenadded to the beta-sheetalong with the loops
and helicesto completethe protein model.

4.6 Jacknife

The beta-sheetdatabasehas a total of 1687 beta-sheetsin which we can �nd at least 10
residues.All thesesheetswheresubject to reconstructionusing the beta-sheetbuilder under
a Jacknife condition1. The Jacknife forbids the usageof the 3D structure of the beta-sheet
X when trying to rebuild it, otherwisewe would always have a perfect reconstruction. The
quality of commonstrand alignment RMSD hasbeen�xed to 0.5 �A. A time limit of 1 hour
is allocated to the backtrack algorithm (Step IV). Backtrack set f Gi g sizeswhere limited
to 100; the crystal structure was not usedto selectcandidate 3D coordinates, instead, the
�rst 100 structures selectedby the sub-graph isomorphismalgorithm were used. This has
for consequencethat the search tree has at most 102� (N � 1) leaves for a beta-sheetwith N
strands. 3D structures in a given backtrack set f Gi g whereat least 0.65�A from each other.
The databasecontains 7783pairs of strands. As an indication of the conformational space
addressedby the beta-sheetbuilder and its database,the worst and best RMSD (all heavy
backbone atoms), with respect to the crystal structure, for each beta-sheetreconstruction
hasbeenkept. Sincethe backtrack search tree sizeshave beenreducedfrom many ordersof
magnitude for time concerns,a procedurewhich would not mimic the useof the program in
the context of an unknown beta-sheet,the best RMSD valuescould, in theory, be improved,
and the worst RMSD worsened.The best RMSD is a measureof how precise(�gure 6(a))
is the beta-sheetbuilder and its database.It is alsoan indication of how similar are pairs of
strandsin PDB Select25 under the Jacknife condition. On the other hand, the worst RMSD
is a measureof the 
exibilit y (�gure 6(b)) of beta-sheetsencoded in pairs of strands, the
deviation from the crystal structure is solely3D sincethe beta-sheetbuilder always produce
beta-sheetsfrom the sametopology graph, i.e. preservingthe relation typesC, P, H and
HP , betweenpairs of residues.

5 Results And Discussion

A total of 6 CPU days wereneededto completethe Jacknife task on Intel Pentium II I class
running at 650Mhz. From the 1687beta-sheets,1190(70.6%)have at least1 solution. From
these,23 (1.4%) reachedthe 1 hour run-time limit, but wereableto producesolutions. Mean
calculation time is 3 minutes 20 seconds(with standard deviation of 9 minutes 30 seconds).
1174(69.6%) have a best RMSD under 3.0 �A while 16 (0.9%) have a best RMSD greater
than 3.0 �A. Thus, 99%of the beta-sheetsthat had solutionsareunder 3.0 �A from the crystal
structure. The mean best RMSD is 0.97 �A with 0.57 �A of standard deviation. A visual
inspection of the crystal structures for which the best RMSD washigher than 3.0 �A point to
the fact that several strandshave a pronounced(within 1 residue)orientation changegreater
than 60� (someup to 90� ), as in the caseof PDB 1BY2 residues16 to 23, 1FGY residues
267A to 274A, 1NBC residues74A to 85A, 1HZT residues62A to 68A, 3VUB residues30 to
38, 1K0S residues97A to 105A, 1FJR residues163A to 171A, 1GLV residues67 to 76 and

9



(a) Example of precision. Crystal structure has light grey
cylinders while best RMSD (0.83 �A) structure has dark grey
ones. Strand ribb ons are pictured for the crystal structure.

(b) Example of 
exibilit y. Crystal structure is in red while
the worst RMSD rebuilt structure is in blue. Both structures
are aligned along the strand 40 to 42. The high RMSD (7.88
�A) comesfrom the fact that the rebuilt structure choosesa
di�eren t path as soon as the third strand from the top.

Figure 6: Display of the precision and 
exibilit y of the beta-sheetbuilder. Target beta-sheetis from PDB
code 1TML, betweenresidues40 and 256. This beta-sheethas 30 residuesdistributed in 7 strands.
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(a) Side view of strand residues16 to 23 of PDB
code 1BY2. This strand has a sharp orientation
changeat residue18.

(b) Top view of strandsresidues90to 97and 144to
150of PDB code3CLA. The strandsseempartially
unzipped, asdepicted by the interruption of the H-
bond ladder (dashedlines).

Figure 7: Two examplesof beta-sheetirregularities that account for high RMSD in rebuilt structures.

1DFM residues82A to 87A. Figure 7(a) shows an exampleof a sharp orientation change.
The greatestbest RMSD, 5.76�A, is for the beta-sheetof PDB code 1A8D betweenresidues
275 and 424. 3CLA has a strange pair of strands which seemsto be partially unzipped
(residues90 to 97 and 144to 150), as in �gure 7(b).

Figure 8 shows the distribution of best RMSD for the 1190rebuilt beta-sheetsunder the
Jacknife condition. As most as90%of the distribution lies within the upper bound value of
1.5 �A. 99%of the distribution is reached at 3.0 �A.

No solutions were obtained for 497 (29.4%) beta-sheets. Several reasonsexplain why
somebeta-sheetscannot be rebuilt:

1. A pair of strands in the beta-sheetis unique, either by the length of the strands, inter-
strand H-bond pattern, beta-bulges,etc. This yields a backtrack tree sizeof 0, since
this pair will have no other associated 3D structure. 168 (10.0%) beta-sheetshave
unique pairs in the database.

2. A pair of strands in the beta-sheetis rare, thus resulting in few 3D structures for that

11



0

50

100

150

200

250

300

350

400

450

500

0 0.5 1 1.5 2 2.5 3 3.5

Figure 8: Distribution of the best RMSD for the 1190 rebuilt beta-sheetsunder the Jacknife condition.
Histogram classesare 0.25 �A wide. Values in abscissaare the upper bound for each class. The last classat
3.25 �A contains the count of beta-sheetswith best RMSD > 3.00 �A. As most as 90% of the distribution lies

within the upper bound value of 1.5 �A. 99% of the distribution is reached at 3.0 �A
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pair and eventually leading to zerosolutions. 246(14.6%) of beta-sheetshave at least
a particular pair.

3. The backtrack algorithm was allowed a 1 hour run-time. 1 (0.06%) beta-sheetdidn't
producesolutions within the 1 hour limit.

4. The beta-sheet builder does not build beta-barrels. 82 (4.9%) beta-sheetsin the
databaseare beta-barrels.

6 Conclusion

A databaseof all beta-sheetsbackboneheavy atom 3D atomic coordinatesalong with their
correspondingbeta-sheettopologygraphhasbeenmade. From it, a databaseof all beta-sheet
strand pairs backbone heavy atom 3D atomic coordinates along with their corresponding
beta-sheettopology graph hasalsobeenmade.

A beta-sheettopology graph is then fed to the beta-sheetbuilder program. The beta-
sheet topology graph is �rst divided in pairs of adjacent strands. Each pair, which are
themselves graphs, is then associated to a backtrack set of 3D structures that are selected
through the modi�ed Ullmann's sub-graph isomorphism algorithm. With the help of a
backtrack algorithm, the 3D structures of each pairs are assembled in spacealong their
commonstrand. A cut-o� quality parametercan be speci�ed to reject assemblies that have
a high RMSD betweenthe 3D solutionsof the sharedstrand. Specialcareis takento preserve
the correct H-bond ladder betweenadjacent strands by retaining H-bondedresiduesof each
pair to form a unique commonstrand.

For PDB select25, 70%of beta-sheets,with 10 or moreresidues,have beenrebuilt under
the Jacknife condition, of which 90% are under 1.5 �A from the crystal structure. Thus,
our method of construction seemsappropriately accuratefor De Novo protein construction
and sketching. On the other hand, the worst RMSD �gures indicate the extent of the
conformational search spaceaddressedby the method.
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